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C/^ ' Abstract 

I In 1946, M. Morse proposed a conjecture that an analytic 

' topologically transitive system is metrically transitive. We prove this 

■ Morse conjecture for flows on a closed orientable surface of negative 

Euler characteristic. As a consequence, the Morse conjecture is true 
for highly transitive analytic flows on closed non-orientable surfaces. 

> 

^ 1 Introduction 

o , 

CN I Let M be a smooth Riemannian manifold. The Riemann structure on M 

^ I induces a corresponding Lebesgue measure fi with a smooth density function 

O ' (in particular, fi is positive on any open set of M), see exm. jTH], ch. 3. 

^ ■ Below, M is a closed manifold (compact and without boundary) and we'll 

. assume that fx is normal. 

A dynamical system on M is called transitive, if it has a dense orbit. 
A dynamical system T> is called metrically transitive if, given any compact 
invariant set E, either E or its complement is a zero measure set with respect 
to n- Note that n is not in general an invariant measure of V. Recall that E 
is said to be invariant under V, if the whole orbit l{x) through x belongs to 
E for every point x & E. 

It is known that a metrically transitive dynamical system is transitive 
[Hj. The converse in general fails. Morse conjectured that the converse 
is true for analytic dynamical systems T> or V with some degree of analytic 
regularity. Here we prove this Morse conjecture for analytic flows on a closed 
orientable surface of negative Euler characteristic. 

Let us mention three papers concerned the subject. Ding [H^ proved the 
Morse conjecture for analytic flows on the torus (orientable closed surface 
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of zero Euler characteristic) and constructed a transitive C°° flow which is 
not metrically transitive on any closed n-manifold. In 9J, Ding proved that 
a transitive flow with finitely many fixed points on a closed orientable 
surface is metrically transitive. This last result was proved by Marzougui 
[T^ for flows with a countable set of fixed points. Note that an analytic flow 
can have an uncountable set of fixed points. 
Our main result is the following theorem. 

Theorem 1 Let be a closed orientable surface of negative Euler char- 
acteristic and /* be a transitive analytic flow on A'P . Then /* is metrically 
transitive. 

It is well-known that if a closed orientable surface admits a transitive 
flow, then has a non-positive Euler characteristic (see exm., [HI). Taking 
into account the paper P|, as a consequence, we get the following result. 

Theorem 2 Let be a closed orientable surface and /* be a transitive 
analytic flow on . Then /* is metrically transitive. 

One can show that there is a transitive flow on a non-orientable closed 
surface such that its double covering flow on the corresponding orientable 
surface is not a transitive flow. On the other hand, the double covering flow 
for a highly transitive flow (recall that a flow is highly transitive if every 
its one- dimensional trajectory is dense in |10j) is transitive. Moreover, 
if a non-orientable closed surface admits a highly transitive flow, then its 
Euler characteristic is less or equal to -2. Therefore, theorem ^ implies the 
following result. 

Theorem 3 Let be a closed non-orientable surface and /* be a highly 
transitive analytic flow on . Then /* is metrically transitive. 

Acknowledgment. The research was partially supported by RFFI grant 
02-01-00098. 

2 Previous results 

For references, we formulate as a theorem the description of flxed points set 
of an analytic surface flow from Anosov's paper j2], p. 38-41. 
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Theorem 4 Let Fix /* be a set of fixed points of analytic flow /* on compact 
surface . Then Fix /* contains a finitely many isolated points and finitely 
many isolated simple closed curves (the union of all this isolated points and 
curves is denoted by I so). The remainder Fix /* — I so contains a finitely 
many points N that divide Fix /* — Iso into pairwise disjoint analytic arcs 
with endpoints in N. Moreover, given any arc A C Fix /* — Iso and given 
any point a & A — N , there is a neighborhood U{a) of the point a such that 

• The restriction of /* on U{a) — A is topologically equivalent to a linear 
fixed point free flow of the type 

X = 1, y = 0. 

• There is an arc S C U{a) such that S fl A = a and either S — a 
is transversal to the flow /* or S — a belongs to a one- dimensional 
trajectory of /* . 

Corollary 1 The set Fix /* of fixed points of analytic flow /* on has a 
zero Lebesgue measure. 

We recall that a semitrajectory or trajectory is called a nontrivially uj{a)- 
recurrent if it is contained in its ci;(a)-limit set, and it is neither a fixed point 
nor a periodic trajectory. A trajectory is nontrivially recurrent if it is both 
uj- and a-recurrent. A closure of a nontrivially ci;(a)-recurrent semitrajectory 
is called a quasiminimal set. Cherry [7j proved that a quasiminimal set con- 
tains a continuum nontrivially recurrent trajectories each of them is dense 
in the quasiminimal set (this result is true in a paracompact space). It is 
not true in general that every nontrivially recurrent trajectory is dense in 
the quasiminimal set. However, Maier jT^j proved that this result is correct 
for fiows on compact surfaces. Moreover, he has got a criterion of nontrivial 
recurrentness and proved a mutual limiting of nontrivially recurrent semi- 
trajectories. Formally, Maier assumed that a surface fiow has finitely many 
fixed points, but as mentioned in Maier's proofs are valid for fiows with 
any set of fixed points (the finiteness of fixed points set Maier used for other 
results, see the sketch of proofs of Maier's theorems in ^3]). We represent 
these Maier's results as the following theorem. 

Theorem 5 Let /* be a flow (possibly, topological) on a closed orientable 
surface M^. Then 



3 



1. If one- dimensional semitrajectory I belongs to the limit set of some 
semitrajectory and the limit set of I contains at least one point that is 
not a fixed point, then I is a nontrivially recurrent semitrajectory. 

2. If a nontrivially recurrent semitrajectory li belongs to the limit set of a 
nontrivially recurrent semitrajectory I2, then I2 belongs to the limit set 
ofh. 

Following PP, let us give the definition of cj-separatrix (the definition 
of a-separatrix is similar). Let l~^{mo) = Z+ be a positive one-dimensional 
semitrajectory with the w-limit set being a unique fixed point, say 

s. Let S be a transversal segment through mo- Suppose that there are a 
neighborhood^ U{s) and a sequence of points such that 

1. rrik mo a.s k 00, where m^ G S — mo- 

2. mo i U{s), mk ^ U{s). 

3. Starting with m^, the positive semitrajectory l^{mk) enters U{s) and 
after leaves U (s). 

Such Z+ is called an uo-separatrix with respect to U (s). If is the cu-separatrix 
with respect to any sufficiently small neighborhood of s, then is called a 
(simply) u-separatrix. 

A separatrix connection is both an a;- and a-separatrix. A separatrix loop 
I is a particular case of separatrix connection, when = a{l). 

Below, one considers analytic flows on a closed orientable surface M^, 
unless otherwise stated. 

Lemma 1 Let /* be a transitive analytic flow on M^. Then 

1. Every separatrix with respect to some neighborhood is a (simply) sepa- 
ratrix. 

2. If I is a positive (negative) one- dimensional semitrajectory such that the 
uj{a)-limit set of I is a unique fixed point, then I is an uj {a) -separatrix. 

3. /* has a finitely many separatrix connections. 

^Without loss of generality, one can assume that the closure of U (s) is homeomorphic 
to a closed disk. 
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Proof. Due to the transitivity of /*, every separatrix with respect to some 
neighborhood is a (simply) separatrix. The second assertion follows imme- 
diately from the transitivity and definition of a separatrix. Assume that the 
third assertion is not correct. Hence, due to has a finite genus, there 
is a simply connected domain bounded by separatrix connections and arcs 
(possibly, trivial) that belongs to Fix /*. This contradicts to the transitivity 
of /* and the Poincare-Bendixon theorem. □ 

Following ^I], let us give the definition of a S-arc. Let S be a transversal 
segment intersected by a trajectory I at the points a, 6 e Z fl S. Denote by ab 
the arc of I between a, b. Such an arc is called a S-arc if it has no intersections 
with E except the points a, b. The segment [a, 6] C S is called a Tj-hase of 
S-arc ab. Clearly, [a, b] U a6 is a closed simple curve called a H-loop. 

Suppose that the intersection / fl S consists of a countable set of points. 
Then there is a countable set of S-arcs generated by /. Consider some se- 
quence a„fe„ of S-arcs. 

Lemma 2 //S-6ase [anbn\ are pairwise disjoint, then, beginning with some 
subscript, consecutive H-arcs bound an annulus on M^. 

Proo/ follows from lemma 1 [12], which is actually a consequence of the fact 
that the surface has a finite genus (see also lemma 2.8 0). □ 

3 Proof of main theorem 

Before the proving of main theorem ^ we consider a series of lemmas. 

Let S be a segment endowed with a one-to-one surjective parametrization 
[0, 1] — S that defines a natural order relation between points of S: a point 
a G S is less than a point 5 e S, if the parameter of a is less than the 
parameter of b. This ordering induces the order relation between any disjoint 
intervals of S (/ is less than J, where J, J C S, J fl J = 0, if any point of I 
is less than any point of J). A countable family of pairwise disjoint intervals 
is a monotone sequence, if every current interval is less than the consecutive 
interval. 

Any trajectory has the natural time parametrization. Therefore one can 
define similarly the order relation between disjoint arcs and a monotone se- 
quence of pairwise disjoint arcs (in particular, S-arcs) of the trajectory. 

Assume that the interior of S is transversal to a flow and a trajectory I 
intersects S at infinitely many points. Thus, there are infinitely many S-arcs. 
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Suppose that one of the endpoints of S, say c, is an accumulation point for 
the set S n /. One can assume that c corresponds to the parameter 1 and 
another endpoint 6 of S corresponds to 0. In such a notation, the following 
lemma takes place. 

Lemma 3 At least one of the following cases takes place: 1) there is a se- 
quence of pairwise disjoint ll-loops whose T^-bases form a monotone sequence 
converging to c; 2) the intersection Efl/ has an accumulation point onT^ — c. 

Proof. Take some S-arc aibi and put Ci = max{ai,6i}. Since c is an accu- 
mulation point for the set S fl /, there are E-arc that is greater than aibi and 
begins on (ci,c). If any of such S-arc ends on (&, ci), then the intersection 
S n / has an accumulation point on E — c (more exactly, on E — (c, Ci)). 
Suppose that there is a S-arc 0262 that is greater than aibi and begins on 
(ci, c), and ends on (ci, c). Put C2 = max{a2, 62}- Again, if any S-arc that is 
greater than 0262 and begins on (c2, c) ends on (&, C2), then the intersection 
S n / has an accumulation point on S — c. Continuing in such a way, we 
either get a sequence of S-loops satisfying case 1), or the process will break 
and we get case 2). □ 

Lemma 4 Suppose that case 1) of lemma \^holds, and let /* is transitive. 
Then there is an interval I (Z — c with the endpoint c such that I belongs 
to a domain of Poincare map induced by /* . 

Proof. Consider the set S of first intersections of w-separatrices with E — c, 

5* = {x G S — c I l^{x) is an u — separatrix and /"''(x) fl S = {x}}. 

First, let us prove that there is a nontrivial interval Jq C S — c with the 
endpoint c such that Iq H S = ^. Suppose the contrary. Then there is a 
sequence of points x„ G S* such that Xn ^ c as n 00. It follows from 
theorem m that the set Fix /* consists of a finitely many arcwise connected 
component. Hence for some number n G N, cu-separatrices /^(x„_|_i) 
and the segment C E, and the fixed points a;(/+(a;„)), uj{l^{xn+i)), 

and an arc connecting this points and belonging Fix /* bound a simply con- 
nected domain in (so-called, a generalized Bendixon's sack). Therefore 
any positive semi-trajectory entering in this domain can't leave it. This con- 
tradicts a transitivity of /*. Thus, we prove the existence of the nontrivial 
interval Jq C E — c with the endpoint c such that /q fl S* = 0. 
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Since case 1) takes place, there are nontrivial intervals on Iq that belong 
to a domain of Poincare map. According to lemma 3.7 f^, the endpoints of a 
maximal interval of Poincare map belong to cu-separatrices. Moreover, after 
the endpoints these tu-separatrices have no intersections with S — c. Hence, 
Jo = / is in a domain of Poincare map. □ 

Lemma 5 Suppose that case 1) of lemma \^holds. Then /* is not transitive. 

Proof. Let / C S — c be the interval satisfying lemma El Without loss of 
generality, one can assume that E-bases of S-loops of / belong to /. Moreover, 
one can assume that the S-loops satisfy to lemma |21 so every consecutive E- 
loops bound an annulus on M^. Let us show that the union of this annuluses 
(denoted by K) is an open annulus. 

Glue artificially a closed disk D to the first S-loop. Since S-bases are 
pairwise disjoint, the corresponding annuluses are pairwise disjoint as well. 
Therefore the union of annuluses one can represent as the union of nested 
increasing disks. It is known that such the union is an open disk. Removing 
D, we see that the union K of annuluses is an open annulus. 

By construction, I d K. Due to lemma |3J any positive semitrajectory 
starting on I must intersect /. Moreover, the arc of such a positive semi- 
trajectory between intersections with I belongs to K because K is a. union 
of annuluses formed by S-loops. Therefore any positive semitrajectory that 
enter in K can't leave K. Since is not a torus, clos K ^ M^. This 
contradicts to a transitivity of /*. □ 

Lemma 6 Suppose that case 2) of lemma \^holds and /* is transitive. Then 
the semitrajectory I is dense on M^. 

Proof. By condition of case 2), there is a point, say z G S — c, that belongs 
to cj-limit set uj{l) of the semitrajectory /. Since z G S — c, 2; is not a fixed 
point. By the transitivity of /*, / is in cu-limit set of some semitrajectory, 
which is dense on M^. According to theorem El I is a nontrivially recurrent 
semitrajectory and is dense on M^. □ 

Lemma 7 Let N he a closed invariant set of transitive analytic flow /* on 
M^, and suppose that N 7^ M^. Then any one- dimensional non-periodic 
trajectory I G N is a separatrix connection. 
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Proof. Due to lemma ^ it is sufficient to prove that both the u- and a-hmit 
set of / is a unique fixed point. We'll consider the only cj-limit set uj{l), the 
proof for a{l) is similar. 

Suppose the contrary. Obviously, uj{l) is non-empty. Then at least one 
of the following cases take place: a) contains continuum fixed points; 
b) uj{l) contains a point that is not fixed (so-called, a regular point). In the 
both cases, taking into account theorem 01 there exists a transversal segment 
E (possibly, open) intersected by / infinitely many times. Moreover, one of 
the endpoints of S, say c, is in uj{l) and is an accumulation point of the 
intersection / fl S. Note that c could be either a fixed point or regular one. 
We see that one of the two cases of lemma El holds. Due to lemma El and a 
transitivity of /*, one holds case 2) of lemma 121 Hence, according to lemma 
ini / is dense on M^. This contradicts to the condition 7^ M^. □ 

Proof of theorem Let be a closed invariant set of the transitive 
analytic fiow /* on M^. For = M^, there is nothing to prove. Suppose 
that N 7^ . Then corollary ^ and lemmas ^ |7| imply that N has a zero 
Lebesgue measure. Hence, /* is metrically transitive. □ 

References 

[1] Andronov A. A., Leontovich E. A., Gordon I. I., Maier A.G. 

Qualitative theory of dynamical systems of the second order. 1966, 
Moscow (Russian); MR 887^ 7650. English transL: Halstead Press, New 
York- Toronto; Israel Program for Sci. Translations, Jerusalem-London, 
1973, p. 524. MR 50# 2619. 

[2] Anosov D. V. On the behavior of trajectories, on the Euclidian and 
Lobachevsky plane, covering trajectories of fiows on closed surfaces. I, 
Izvestia Acad. Nauk SSSR, Ser. Mat. 51(1987), no 1, 16-48 (in Russian); 
Transl. m: Math. USSR, Izv. 50(1988); MR 88j:58111. 

[8] Aranson S., Belitsky G., Zhuzhoma E. An Introduction to Qual- 
itative Theory of Dynamical Systems on Surfaces. Amer. Math. Soc, 
Math. Monogr., Providence, 1996. 

[4] Aranson S., Zhuzhoma E. Maier's theorems and geodesic laminations 
of surface fiows. Journ. of Dyn. and Contr. Syst., 2(1996), no 4, 557-582. 



8 



[5] Bendixson I. Sur Ics courbes definies par les equations differentielles. 
Acta Math. 24(1901), 1-88. 

[6] BirkhofF G. D. Dynamical systems, AMS, New York, 1927. 

[7] Cherry T. Topological properties of solutions of ordinary differential 
equations. Amer. J. Math. 59(1937), 957-982. 

[8] Ding T. On Morse conjecture of metric transitivity. Sci. China, ser. A, 
34(1991), 2, 138-146. 

[9] Ding T. An ergodic theorem for flows on closed surfaces. Nonlinear 
Anal, 35(1999), 669-676. 

[10] Gardiner C.J. The structure of flows exhibiting nontrivial recurrence 
on two-dimensional manifolds. Journ. Diff. Equat., 1985, 57, 1, 138-158. 

[11] Gutierrez C. Structural stabihty for flows on the torus with a cross- 
cap. Trans. AMS, 241(1978), 311-320. 

[12] Maier A. On trajectories on closed orientable surfaces. Mat. Sb., 
12(1943), 71-84 (Russian), MR 5-156. 

[13] Marzougui H. On Morse conjecture for flows on closed surfaces. Math. 
Nachr., 241(2002), 121-124. 

[14] Morse M. George David Birkhoff and his mathematical works. Bull. 
Amer. Math. Soc, 52(1946), 5, 357-391. 

[15] Nikolaev I., Zhuzhoma E. Flows on 2-dimensional manifolds. Lect. 
Notes 1705(1999). 

[16] Sternberg S. Lectures on Differential Geometry. Printice Hall, N.J., 
1964. 

2875 Cowley Way (1015), San Diego, CA 92110, USA 
E-mail: saranson@yahoo.com 

Nizhny Novgorod State Technical University, Russia 
E-mail: zhuzhoma@mail.ru 



9 



